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Quantum Zeno and Anti-Zeno Effects in an Unstable

Two-Level System

Kavan Modi, M.A.

The University of Texas at Austin, 2004

Supervisor: E. C. G. Sudarshan

We consider a system in which an unstable discrete state |A〉 is coupled

with another unstable discrete state |B〉. State |B〉 is also coupled to a set

of continuum states |CΘ(ω)〉. We show that the time evolution of the bound

state |A〉 has features which allows the creation of the anti-Zeno effect in

addition to the usual Zeno effect, upon repeated measurements. We show that

the anti-Zeno effect is possible due to the presence of the second bound state.
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Chapter 1

Introduction

The quantum Zeno effect (QZE), first predicted by Misra and Sudar-

shan [1, 10], is the hinderance of the time evolution of an unstable quantum

state by performing frequent measurements on it. And so, in the limit of con-

tinuous measurement, the state would freeze in time. More recently, some have

claimed that the opposite is also true [3, 7, 8]. That is, frequent measurements

can be used to accelerate the decay of an unstable state. This was called the

anti-Zeno effect (AZE) or the Inverse Zeno effect. Itano et al. [6] were the first

to experimentally observe the QZE. But, their experiment did not deal with

an unstable system, rather they showed the QZE in a three-level oscillating

system. A study similar to ours is presented by Panow [11], which leads to

AZE in a model that is similar to the experiment by reference [6].

Fischer, Gutierrez-Medina, and Raizen [4] claimed the first experimen-

tal observation of both the QZE and possibly the AZE in an unstable quantum

mechanical system. In the experiment, sodium atoms were trapped in a classi-

cal magneto-optical trap. Initially these particles were placed in the “ground”

state, from there they quantum mechanically tunneled to continuum states.

By making repeated measurements on the system, once every micro-second,
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Figure 1.1: The “unmeasured” decay curve along with the QZE in reference
[4] .

they were able to obtain the QZE. A different measurement rate, once every

5 micro-seconds, was used to obtain the AZE.

The shape of survival probability as a function of time of the “unmea-

sured system” in their experiment, has two inflection points, see figure 1.1.

The inflection point at t=0, predicted on the basis of analyticity and time

symmetry [5, 13], leads to the QZE. We show that the presence of a second

discrete state is responsible for the second inflection point and, consequently

the AZE. The experiment consisted of two coupled unstable discrete states

separated by a small band gap. The second state is also coupled to the contin-

2



uum. The presence of the second unstable discrete state creates the inflection

point at t=8 micro-seconds in figure 1.1.
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Chapter 2

Model

We consider an interacting field theory of four fields labeled A, B, C,

and Θ. With the following commutation relations:

[a, a†] = [b, b†] = [c, c†] = 1[
θ(ω), θ†(ω′))

]
= δ(ω − ω′).

All other commutation relations being 0. a† (a) etc. represent the

creation (annihilation) operators corresponding to the four fields. Only Θ is

labeled by ω, a continuous index, while other fields are assume to be discrete.

The allowed processes in the model are

A⇐⇒ B; B ⇐⇒ CΘ.

The Hamiltonian for the model with these allowed processes can be

written down as,

H = H0 + V

4



where

H0 = mAa
†a+mBb

†b+

∫ ∞
0

dωωθ†(ω)θ(ω)

and

V = Ωa†b+ Ω∗b†a+

∫ ∞
0

dω
[
f(ω)b†cθ(ω) + f ∗(ω)bc†θ†(ω)

]
.

2.0.1 The Continuum Eigenstates of H

We are interested in the time evolution of the eigenstates of H0, two

discrete states |A〉 and |B〉, and the continuum states |CΘ(ω)〉. |A〉 and |B〉

correspond to the unstable states in the experiment of [4], and |CΘ〉 is a stable

state plus photon.

We begin with writing the full Hamiltonian, H, in a matrix form in the

basis of eigenstates of H0 [12].

H =

mA Ω∗ 0
Ω mB f ∗(ω′)
0 f(ω) ω′δ(ω − ω′)

 (2.1)

Let |ψλ〉 represent an eigenstate of H with eigenvalue λ, satisfying the

eigenvalue equation Hψλ = λψλ. We expand ψλ also in terms the eigenstates

of H0.
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ψλ =

 〈A|ψλ〉
〈B|ψλ〉

〈CΘ(ω)|ψλ〉

 =

 µAλ
µBλ
φλ(ω)

 (2.2)

H can have three possible classes of eigenstates; a maximum of two

bound states and one set of continuum physical eigenstates. For now we

only consider the continuum eigenstates of H, ψλ. We will investigate the

possibilities of the other eigenstates of H in section II.B.

Using the eigenvalue equation, we get a system of three equations as

follows

µAλ =
Ω∗µBλ
λ−ma

(2.3)

φλ =
f(ω)µBλ
λ− ω + iε

+ δ(λ− ω) (2.4)

λµBλ = mAΩ +mBµ
B
λ +

∫ ∞
0

f ∗(ω)φλ(ω)dω. (2.5)

The delta function in Eq. (2.4) is present due to the singularity at

λ = ω, and it represents the plane wave part of the in-state solution. Solving

for ψλ in terms of the eigenstates of H0, we get

ψλ =

 µAλ
µBλ
φλ

 =


f(λ)
β+(λ)

Ω∗

λ−ma

f(λ)
β+(λ)

f(λ)
β+(λ)

f(ω)
λ−ω+iε

+ δ(λ− ω)

 . (2.6)
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Where,

β(z) = z −mB −
Ω2

z −mA

−
∫ ∞

0

|f(ω)|2

z − ω
dω (2.7)

and

β±(λ) = β(λ± iε),

β±(λ)
∗

= β∓(λ). (2.8)

2.0.2 The Bound Eigenstates of H

Next, we look at the case when λ 6= ω. The delta function is no longer

present in Eq. (2.4), and it becomes

φλ =
f(ω)µBΛ
λ− ω

. (2.9)

Solving for µBΛ , we get

β(λ)µBΛ = 0. (2.10)

We choose µBΛ 6= 0, to obtain a non-trivial solution, then β(λ) = 0,

which this leads to the following quadratic expression, with two zeros at λ = Λ1

and Λ2.

(λ−mA)

(
λ−mB −

∫ ∞
0

|f(ω)|2

λ− ω
dω

)
− Ω2 = (λ−mA)α(λ)− Ω2 = 0.
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We can solve for µBΛ by the normalization condition, yielding the physi-

cal bound states of H, |ψΛ1,2〉. The condition λ 6= ω means that λ < 0 (because

0 ≤ ω ≤ ∞), hence both of these zeros (Λ1 and λ2) must lie on the negative

real axis for there to be a physical bound state. The two bound state solutions

are as follows:

ψΛ1,2 =

µAΛ1,2

µBΛ1,2

φΛ1,2

 =


1√

β′(Λ1,2)

Ω∗

Λ1,2−ma

1√
β′(Λ1,2)

1√
β′(Λ1,2)

f(ω)
Λ1,2−ω

 . (2.11)

2.0.3 Survival Amplitude

Now we are in a position to calculate the survival amplitude A(t) as a

function of time. If state |A〉 is occupied at t=0, then the survival amplitude

is given by AA(t) = 〈A|e−iHt|A〉. Inserting a complete set of physical states,

i.e.
∑

η=λ,Λ1,Λ2
|ψη〉 〈ψη| = 1, we get

AA(t) =

∫ ∞
0

〈A|ψλ〉 e−iHt 〈ψλ|A〉 dλ+

∫ ∞
0

〈A|ψΛ1〉 e−iHt 〈ψΛ1|A〉 δ(λ− Λ1)dλ

+

∫ ∞
0

〈A|ψΛ2〉 e−iHt 〈ψΛ2|A〉 δ(λ− Λ2)dλ

=

∫ ∞
0

e−iλt 〈A|ψλ〉 〈ψλ|A〉 dλ+ e−iΛ1t 〈A|ψΛ1〉 〈ψΛ1|A〉 (2.12)

+ e−iΛ2t 〈A|ψΛ2〉 〈ψΛ2 |A〉 .

And so, the survival amplitude is
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AA(t) =

∫ ∞
0

e−iλt
∣∣µAλ ∣∣2 dλ+ e−iΛ1t

∣∣µAΛ1

∣∣2 + e−iΛ2t
∣∣µAΛ2

∣∣2 . (2.13)

The physical states can be shown to be complete using the techniques

from Appendix A where we show the orthonormality of ψλ; we do not show

the completeness calculations in this paper.

The survival probability of |A〉 is simply the square of the amplitude,

PA(t) = |AA(t)|2 =

∣∣∣∣∫ ∞
0

e−iλt
∣∣µAλ ∣∣2 dλ+ e−iΛ1t

∣∣µAΛ1

∣∣2 + e−iΛ2t
∣∣µAΛ2

∣∣2∣∣∣∣2 .
(2.14)

Similarly, if state |B〉 is occupied at t=0, then the survival probability

of |B〉will take the form:

PB(t) = |AB(t)|2 =

∣∣∣∣∫ ∞
0

e−iλt
∣∣µBλ ∣∣2 dλ+ e−iΛ1t|µBΛ1

|2 + e−iΛ2t|µBΛ2
|2
∣∣∣∣2 . (2.15)
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Chapter 3

Numerical Calculations and Results

In this section, we discuss the numerical calculations of the survival

amplitude AA(t) and AB(t) using Mathematica. The integral that yields the

survival amplitude (i.e. Eq. (2.14)) has to be calculated numerically.

3.0.4 Numerical Calculations

First, we choose the form factor f(ω) to be

f(ω) =
cµ2
√
ω

(ω − ω0)2 + µ2
. (3.1)

√
ω is the energy phase-space factor. The rest of f(ω) is just a Lorentzian

line shape. Note that the energy of the continuum has a lower bound at 0.

If we had bounded the continuum spectrum at −∞, then we can get purely

exponential decay, as shown by Dirac in his book [2]. f(ω) peaks at ω0, its

width is controlled by µ and its strength by c.

We chose numerical values for the parameters ω0 = 2.1, µ = 0.2, and

c = 0.1, mA = 2, mB = 2.1, ε = 5× 10−5, and Ω = 0.1. Notice that the value

of ω0, the peak of the form factor, equals to the value of mB. This means

that the decaying state resonates with the continuum. Since, mA and mB are
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chosen to be close to each other, only one peak for the form factor is necessary.

Positive values for mA and mB are chosen so that states |A〉 and |B〉

start unstable. The physical bound states |ψΛ1〉 and |ψΛ2〉, in this example,

have complex eigenvalues Λ1 and Λ2. The condition on the physical bound

states’ stability requires that they have real-negative eigenvalues. Hence, in

the example considered here, they do not lie on the real spectrum (only show

up as a spectral density). Then, in the Eqs. for survival probability, (2.14)

and (2.15), we ignore the last two terms, yielding

PA(t) = |AA(t)|2 =

∣∣∣∣∫ ∞
0

e−iλt
∣∣µAλ ∣∣2 dλ∣∣∣∣2 (3.2)

and

PB(t) = |AB(t)|2 =

∣∣∣∣∫ ∞
0

e−iλt
∣∣µBλ ∣∣2 dλ∣∣∣∣2 . (3.3)

Consequently, the physical continuum states |ψλ〉 must be complete

by themselves. If we had chosen values less than zero for mA and mB, then

the physical bound states will be stable. In other words, the stability of the

physical bound states is depended on the choice we make for mA and mB.

3.0.5 Results

We study two cases for sake of comparison. First we look at the time

evolution of state |A〉 going into states |CΘ(ω)〉, the continuum states. In

case two, we look at the time evolution of a state |B〉 going into the continuum
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states. In the second scenario, we let Ω→ 0, then we are dealing with a system

with only one discrete state coupled to the continuum states. The differences

between these two cases are precisely the effects that the second discrete state

has on the time evolution of |A〉. Note that the second model is nothing more

than the well known Lee Model [9]. The “unmeasured” time evolution, from

numerical calculations, of the state for both cases is shown in figures 3.1 and

3.2.

Figure 3.3 shows how the time evolution of state |A〉 can be hindered

or accelerated by making repeated measurements on it. The second inflection

point, which allows us to obtain the AZE, is only present due the second

unstable state, and it is not present in the second model. Figure 3.4 shows

that the QZE can be obtained by repeated measurements on |B〉, but there

are no features in its probability curve that would allow the AZE.
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Figure 3.1: Survival Probability of state |A〉 in time.
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Figure 3.2: Survival Probability of state |B〉 in time.
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Figure 3.3: [Color] Dotted Line: Survival Probability of state |A〉 as function
time. Red (Lower): The AZE due to repeated measurements. Blue(Upper):
The QZE due to repeated measurements.
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Figure 3.4: [Color] Dotted Line: Survival Probability of state |B〉 as function
time. Blue(Upper): The QZE due to repeated measurements.
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Chapter 4

Conclusion

We presented a model that theoretically describes the experiment by

[4]. We showed the conditions necessary to obtain the AZE, along with the

QZE. The presence of the second discrete state is essential to obtain the AZE

in a system like this. In our model, the QZE and the AZE can be obtained by

tuning f(ω), the coupling to the continuum, without changing the system. If

the form factor is off-tuned from unstable states, i.e. ω0 >> mA and mB, then

the decay would be hindered. The position of the peak of the form factor is

analogous to the acceleration parameter in the experiment of [4], which is what

allowed them to obtain the QZE and the AZE. Further studies of features of

the form factor are needed to better understand their effects on the system.
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Appendix 1

Orthonormality

We found the bound state solutions using normalization properties of

the bound state. Here, we will show the normalization of the continuum state.

ψ∗ηψλ =

 µAη
∗

µBη
∗

φ∗η

(µAλ , µBλ , φλ) = µAη
∗
µAλ + µBη

∗
µBλ + φη

∗φλ. (1.1)

We start by looking at the last term in Eq. (1.1)

φ∗ηφλ =

(
f(η)f(ω)

β−(η)(η − iε− ω)
+ δ(η − ω)

)(
f(λ)f(ω)

β+(λ)(λ+ iε− ω)
+ δ(λ− ω)

)
(1.2)

=
f(η)f(λ)

β−(η)β+(λ)

∫ ∞
0

|f(ω)|2

(λ+ iε− ω)(η − iε− ω)
dω+

f(η)f(λ)

β−(η)(η − iε− λ)
+

f(η)f(λ)

β+(λ)(λ+ iε− η)
+δ(η−λ).

(1.3)

We can break up the integral in two integrals by partial fraction:

1

(λ+ iε− ω)(η − iε− ω)
=

1

η − λ− 2iε

(
1

λ+ iε− ω
− 1

η − iε− ω

)
(1.4)

17



Using Eq. (1.4), we re-write the the first term in Eq. (1.3) as,

∫ ∞
0

|f(ω)|2

(λ+ iε− ω)(η − iε− ω)
dω =

1

η − λ− 2iε

(∫ ∞
0

|f(ω)|2

λ+ iε− ω
dω −

∫ ∞
0

|f(ω)|2

η − iε− ω
dω

)
.

(1.5)

Using Eqs. (2.7) and (2.8), we can re-write Eq. (1.5) in the following

manner.

1

η − λ− 2iε

(
λ+ iε− β+(λ)−mb −

|Ω|2

λ−ma

− η + iε+ β−(η) +mb +
|Ω|2

η −ma

)
(1.6)

and Eq. (1.6) reduces to

−1− |Ω|2

(λ−ma)(η −ma)
− β−(η)

λ− η − iε
− β+(λ)

η − λ− iε
. (1.7)

The last two terms in Eq. (1.7) cancel the last two terms in Eq. (1.3),

and it reduces to

φ∗ηφλ =
f(η)f(λ)

β−(η)β+(λ)

(
−1− |Ω|2

(η −ma)(λ−ma)

)
+ δ(λ− η). (1.8)

Notice, the first two terms in the last equation are the negatives of

µAη
∗
µAλ + µBη

∗
µBλ , and so the final result is

ψ∗λ′ψλ = δ(λ− η). (1.9)
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We have now shown that the continuum state is orthonormal. Using

similar techniques, we can also show that the set of three states is complete,

but we do not include the calculations here.
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